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PRIMENESS PROPERTY FOR GRADED CENTRAL
POLYNOMIALS OF VERBALLY PRIME ALGEBRAS
DIOGO DINIZ AND CLAUDEMIR FIDELIS BEZERRA JÚNIOR
Abstract. Let F be an infinite field. The primeness property for central
polynomials of Mn(F ) was established by A. Regev, i.e., if the product of
two polynomials in distinct variables is central then each factor is also central.
In this paper we consider the analogous property for Mn(F ) and determine,
within the elementary gradings with commutative neutral component, the ones
that satisfy this property, namely the crossed product gradings. Next we con-
sider Mn(R), where R admits a regular grading, with a grading such that
Mn(F ) is a homogeneous subalgebra and provide sufficient conditions - satis-
fied byMn(E) with the trivial grading - to prove thatMn(R) has the primeness
property if Mn(F ) does. We also prove that the algebras Ma,b(E) satisfy this
property for ordinary central polynomials. Hence we conclude that, over a field
of characteristic zero, every verbally prime algebra has the primeness property.
1. Introduction
The study of central polynomials is an important part of the theory of algebras
with polynomial identites. Verbally prime algebras were introduced by A. Kemer
[12] in his solution of the Specht problem and are of fundamental importance in
the theory of p.i. algebras. The existence of central polynomials for verbally prime
algebras was proved by Yu. P. Razmyslov [15] and earlier for matrix algebras, in-
dependently, by Formanek [11] and Razmyslov [14]. A p.i. algebra A is verbally
prime if whenever f(x1, . . . , xr) and g(xr+1, . . . , xs) are two polynomials in distinct
variables and f · g is an identity for A then either f or g is an identity for A. In
his structure theory of T -ideals Kemer proves that over a field of characteristic
zero every non-trivial verbally prime p.i. algebra is equivalent to one of the alge-
bras Mn(F ), Mn(E) (here E denotes the Grassmann algebra of a vector space of
countable dimension) and certain subalgebrasMa,b(E) of Ma+b(E) (see Section 2).
Amitsur proved in [3] that if the field F is infinite the ideal of identities of
Mn(F ) is a prime ideal. As an analog of Amitsur’s result for central polynomials
Regev proved in [16] the following primeness property on the central polynomials:
if f(x1, . . . , xr) and g(xr+1, . . . , xs) are two polynomials in distinct variables and
f · g is a central polynomial for Mn(F ) then both f and g are central.
Graded polynomial identities and graded central polynomials play an important
role in the study of p.i. algebras, they were used in the theory developed by
Kemer. Such identities are easier to describe in many important cases and they are
related to the ordinary ones, for example, coincidence of graded identities implies
the coincidence of the ordinary ones. In [9] regular gradings on the algebrasMn(E)
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and Ma,a(E) (see [5]) were used to prove that, if the field F is of characteristic
zero, these algebras satisfy the primeness property. In this paper the canonical
Z2-grading on Ma,b(E) is used to prove (see Theorem 5.8) that these algebras also
satisfy the primeness property. This proves that, over a field of characteristc zero,
every verbally prime algebra satisfies the primeness property.
We remark that this property arises implicitly in the description of (graded)
central polynomials of some verbally prime algebras. For example, over an infinite
field of characteristic p > 2 the central polynomials of E together with its identities
form a so called limit T -space and the primeness property is useful to describe these
central polynomials (see [8]).
Graded simple algebras, over an algebraically closed field, have been described
in [6], for a group G these are essentially matrix algebras over a twisted group
algebra FαH , where α is a 2-cocicle with entries in F×. If H is abelian then
the canonical H-grading on FαH is a regular grading. Classification of abelian
gradings on matrix algebras plays an important role in the cassification of gradings
on Lie algebras (see [10]). A grading on Mn(F ) is elementary if every elementary
matrix is homogeneous, these gradings play an important role in the description of
graded simple algebras. The graded identities and central polynomials of matrix
algebras have been described for various gradings. For example, with the canonical
Z and Zn, central polynomials were described in [7] and more generally in [1] with
crossed product gradings. It is then a natural question to consider the analogous
primeness property for the graded polynomials of Mn(F ). Graded identities for
the algebra Mn(F ) with an elementary grading by the group G such that the
component associated to the neutral element of G is a commutative subalgebra were
described in [4] and [9]. In Theorem 3.10 we prove that with such a grading the
algebraMn(F ) satisfies the primeness property if and only if the grading is a crossed
product grading (i.e. G has order n) and there exists no nontrivial homomorphism
G→ F×.
In Section 4 we consider matrix algebras Mn(R) with entries in an algebra R
that has a regular grading by an abelian group H . The gradings considered on
Mn(R) are ones for which R and Mn(F ) are homogeneous subalgebras and R lies
in the neutral component. Under natural hypothesis on the regular grading on R
we prove that Mn(R) satisfies the property whenever Mn(F ) does. As a corollary
we prove that Mn(E) (see Corollary 4.14) satisfies the primeness property. Finally
in Section 5 the canonical Z2-grading on Ma,b is used to we prove the property for
the ordinary central polynomials of these algebras.
2. Definitions and Preliminary Results
Let F be an infinite field of characteristic different from 2, G a group with
identity element ǫ and A an F -algebra. A grading by the group G on A is a vector
space decomposition A = ⊕g∈GAg such that AgAh ⊆ Agh for every g, h in G.
The subspaces Ag are called the homogeneous components of A and a non-zero
element of Ag is said to be homogeneous of degree g. A subalgebra B is said to
be a homogeneous subalgebra if B = ⊕g∈GAg ∩ B. We denote by F 〈XG〉 the free
G-graded algebra, freely generated by the set XG = {xi,g|i ∈ N, g ∈ G}. This
algebra has a natural grading by G where the homogeneous component (F 〈XG〉)g
is the subspace generated by the monomials xi1,g1 · · ·xim,gm such that g1 · · · gm = g.
Let f(x1,g1 , . . . , xm,gm) be a polynomial in F 〈XG〉, an m-tuple (a1, . . . , am) such
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that ai ∈ Agi for i = 1, . . . ,m is called an f -admissible substitution (or simply
an admissible substitution). If f(a1, . . . , am) = 0 for every admissible substitution
(a1, . . . , am) we say that the polynomial f is a graded polynomial identity for A.
We denote by Z(A) the centre of A and we say that f is a graded central polynomial
for A if f is not a graded polynomial identity and f(a1, . . . , am) ∈ Z(A) for every
admissible substitution (a1, . . . , am).
Definition 2.1. Let A = ⊕g∈GAg be an algebra with a grading by the group G. We
say that A satisfies the primeness property for (graded) central polynomials if,
whenever the product f(x1,g1 , · · · , xr,gr ) · g(xr+1,gr+1 , · · · , xs,gs) of two polynomials
in distinct variables is a graded central polynomial, then both f(x1,g1 , · · · , xr,gr ) and
g(xr+1,gr+1 , · · · , xs,gs) are graded central polynomials for A.
The set of all graded central polynomials and all graded identities for A is a
subspace of F 〈XG〉 invariant under all endomorphisms of F 〈XG〉, such subspaces
are called TG-spaces. The intersection of TG-spaces is also a TG-space. Given a
subset S ⊂ F 〈XG〉 we denote by 〈S〉TG the intersection of all TG-spaces that contain
S, this is the TG-space generated by S. If S = {f} we use the notation 〈f〉TG for the
TG-space generated by {f}. We remark that 〈f〉TG is generated as a vector space
by the set {f(p1, . . . , pn)|pi ∈ (F 〈XG〉)gi}. If f is a graded central polynomial for A
then every element of 〈f〉TG either a graded identity or a graded central polynomial
for A. If G = {ǫ} we recover the definition of ordinary polynomial identities and
central polynomials, in this case we use the notation F 〈X〉 for the free associative
algebra and xi for the variables.
The Grassmann algebra E of a countable dimensional vector space with basis
{e1, e2, . . . } has the presentation:
〈1, e1, e2, . . . |eiej = −ejei, for all i,j ≥ 1〉.
It is well known that BE = {1, ei1ei2 . . . eik |i1 < i2 < · · · < ik} is a basis for E.
Hence we have E = E0 ⊕ E1 where E0 is the subspace generated by 1 and all
monomials with even k and E1 is the subspace generated by the monomials with
odd k. This decomposition is a Z2-grading on E. The algebra Ma+b(E) has a
subalgebra denoted Ma,b(E) which consists of matrices of the form(
A B
C D
)
,
where A ∈ Ma(E0), D ∈ Mb(E0) and B, C are blocks with entries in E1. This
algebra has a canonical Z2-grading with homogeneous components (Ma,b(E))0 and
(Ma,b(E))1 that consists of matrices of the form(
A 0
0 D
)
and
(
0 B
C 0
)
,
respectively.
Proposition 2.2. Let f(x1, . . . , xr) be a multihomogeneous polynomial of degree di
in xi and hi(x1, . . . , xr, zi) the multihomogeneous component of f(x1+ z1, . . . , xr+
zr) of degree one in zi. Then
(1) [f(x1, . . . , xr), xr+1] =
∑
i
hi(x1, . . . , xr, [xi, xr+1]).
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Proof. The equality follows from the fact that the map a 7→ [a, xr+1] is a deriva-
tion of F 〈X〉 (see[pg. 9][18]). 
Proposition 2.3. Let A be a G-graded algebra with basis B that consists of ho-
mogeneous elements, V a subspace of A and f(x1,g1 , . . . , xn,gn) a polynomial. The
following assertions are equivalent:
(i) For every admissible substitution a1, . . . , an by elements of A, the element
f(a1, . . . , an) lies in V ;
(ii) For every polynomial f ′(x1,g1 , . . . , xm,gm) in 〈f〉TG and every admissible
substitution a1, . . . , am by elements of A, the element f
′(a1, . . . , am) lies in
V .
(iii) For every multihomogeneous polynomial f ′(x1,g1 , . . . , xm,gm) in 〈f〉TG and
every admissible substitution b1, . . . , bm by elements of the basis B, the ele-
ment f ′(b1, . . . , bm) lies in V .
Proof The set S = {f(p1, . . . , pn)|pi ∈ (F 〈XG〉)gi} generates 〈f〉TG as a vector
space. If the assertion (i) holds for f then it holds for every element of S and
therefore for every f ′ in 〈f〉TG . Hence we conclude (ii). It is clear that (ii) implies
(iii). Now we assume that (iii) holds. Let a1, . . . , an an admissible substitution
by elements of A. We write ai =
∑ni
j=1 λijbj , i = 1, . . . , n, where bj ∈ B. Let
s1 = 0 and si+1 = si + ni for i = 2, . . . ,m− 1. Denote qi(xsi+1,gi , . . . , xsi+ni,gi) =∑ni
j=1 λijxsi+j,gi and write
f(q1, . . . qm) = f1 + · · ·+ fl,
as a sum of multihomogeneous components. The field F is infinite and therefore
the polynomials f1, . . . , fl lie in 〈f〉TG . Let S be the substitution such that xsi+j,gi
is replaced by bj . The result qj |S of this substitution is qj(b1, . . . , bni) = ai and
therefore f(a1, . . . , an) = f1|S+ · · ·+fl|S . From (iii) we conclude that the elements
f1|S , . . . , fl|S lie in V , hence f(a1, . . . , an) also lies in V . 
Corollary 2.4. Let A be an algebra graded by the group G, V a subspace of A and
let f(x1,g1 , . . . , xm,gm) be a polynomial such that for every admissible substitution
a1, . . . , am by elements of A, the element f(a1, . . . , am) lies in V . Then for every b
in Aǫ and every admissible substitution a1, . . . , am the commutator [f(a1, . . . , am), b]
also lies in V .
Proof. Proposition 2.2 implies that
(2) [f(x1,g1 , . . . , xm,gm), xm+1,ǫ] =
∑
i
hi(x1,g1 , . . . , xm,gm , [xi,gi , xm+1,ǫ]).
The variable xm+1,ǫ is homogeneous of degree ǫ, therefore [xi,gi , xm+1,ǫ] has de-
gree gi and the polynomial hi(x1,g1 , . . . , xm,gm , [xi,gi , xm+1,ǫ]) lies in the TG-space
generated by f . The substitution (a1, . . . , am, b) is hi-admissible, hence the previ-
ous proposition implies that hi(a1, . . . , am, [ai, b]) lies in V . The result now follows
directly from (2). 
Proposition 2.5. Let f(x1,g1 , . . . , xr,gr ), g(xr+1,gr+1 , . . . , xs,gs) be polynomials in
distinct variables. If f ′ ∈ 〈f〉TG and g
′ ∈ 〈g〉TG then f
′g′ lies in 〈f · g〉TG . In
particular if f ·g is a central polynomial for A then f ′g′ is also a central polynomial
for A.
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Proof. Note that f ′ and g′ are linear combinations of polynomials of the form
f(p1, . . . , pr) and g(q1, . . . , qs) respectively, where p1, . . . , pr and q1, . . . , qs admis-
sible substitutions by polynomials in F 〈XG〉. Hence the product f
′ · g′ is a linear
combination polynomials in the set
S = {f(p1, . . . , pr) · g(q1, . . . , qr)|p1, . . . , pr, q1, . . . , qs ∈ F 〈X〉}.
Since f and g are polynomials in distinct variables each element in S lies in 〈f ·g〉T .
Therefore f ′ · g′ lies in 〈f · g〉T . The second assertion is an obvious consequence of
the first one. 
3. Elementary gradings on Mn(F ) and the primeness property
In this section A denotes the algebra Mn(F ). We denote Eij the elementary
matrix with 1 in the (i, j)-th entry and 0 in the other entries.
Definition 3.1. Let g = (g1, . . . , gn) be an n-tuple of elements in the group G. The
decomposition A = ⊕g∈GAg, where Ag is the subspace generated by the elementary
matrices Eij such that g
−1
i gj = g, is a grading by G on A called the elementary
grading induced by g.
We recall that an elementary grading by an n-tuple of parwise distinct elements
by a group G of order n is called a crossed product grading (see [1]). Our main
result in this section characterizes the elementary gradings by an n-tuple of pairwise
distinct elements on A for which this algebra satisfies the primeness property for
graded central polynomials. We prove in Theorem 3.10 that these gradings are
crossed product gradings by a group G that has no non-trivial homomorphism
G→ F×.
Proposition 3.2. Let A be the matrix algebra Mn(F ) with an elementary grading
and f(x1,g1 , . . . , xr,gr ), g(xr+1,gr+1 , . . . , xs,gs) polynomials in distinct variables such
that the product f · g is a graded central polynomial for A. Then there exists an
invertible diagonal matrix P such that the result of every f -admissible (resp. g-
admissible) substitution is a scalar multiple of P (resp. P−1).
Proof. Let f(x1,g1 , . . . , xr,gr ) and g(xr+1,gr+1 , . . . , xs,gs) be polynomials in dis-
tinct variables such that f · g is a graded central polynomial for A. There ex-
ists an admissible substitution A1, . . . , As such that f(A1, . . . , Ar) ·g(Ar+1, . . . , As)
is a non-zero scalar matrix. Hence g(Ar+1, . . . , As) is an invertible matrix, let
P denote its inverse. If B1, . . . , Bs is a f -admissible substitution the product
f(B1, . . . , Br) · g(Ar+1, . . . , As) is a scalar matrix. Therefore f(B1, . . . , Br) is a
scalar multiple of P for every f -admissible substitution. Analogously, the result of
every g-admissible substitution is a scalar multiple of P−1. We now prove that P
is a diagonal matrix.
It follows from Corollary 2.4 that if M is any homogeneous matrix of degree ǫ
and B1, . . . , Br is an f -admissible substitution the commutator [f(B1, . . . , Br),M ]
is a scalar multiple of P . Therefore [P,M ] = λMP for some scalar λM . The grading
is elementary, hence the matrices Eii, i = 1, . . . , n have degree ǫ and for each i there
exists a scalar λi such that
(3) [P,Eii] = λiP.
We write P =
∑
i,j pijEij . If λi = 0 for every i then an easy computation yields
that P is a diagonal matrix. We prove that this must be the case. Assume that
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λi 6= 0 for some i. The left side of (3) is
∑
k 6=i pkiEki −
∑
l 6=i pilEil. Since λi 6= 0
we conclude that pii = 0 and pkl = 0 if k 6= i and l 6= i. Moreover pki = λipki
for every k 6= i and −pil = λipil for every l 6= i. If pki 6= 0 for some k 6= i
then λi = 1 and pil = 0 for every l 6= i. In this case P =
∑
k 6=i pkiEki which is
a contradition since this matrix is not invertible. If pil 6= 0 for some l 6= i then
λi = −1 and P =
∑
l 6=i pilEil, this last matrix is not invertible and again we have a
contradiction. The remaining possibility is that pki = 0 for every k 6= i and pli = 0
for every l 6= i which implies P = 0. This is also a contradiction. 
Our main objective now is to prove that for elementary gradings determined by
tuples of pairwise distinct elements the primeness property holds only for crossed
product gradings by suitable groups. The precise statement is in Theorem 3.10.
Definition 3.3. Let A be the matrix algebra Mn(F ) with an elementary grading.
We denote H the set of permutations σ in Sn for which the corresponding automor-
phism Λσ, given by Λσ(Eij) = Eσ(i)σ(j), is a graded automorphism of A.
The map σ 7→ Λσ is a homomorphism and the set H in the definition above is a
subgroup of Sn. Next we prove some results that involve this subgroup.
Proposition 3.4. If f is a non-identity such that the result of every f -admissible
substitution is a scalar multiple of P , it follows that for every σ ∈ H there exists a
non-zero scalar λ(σ) such that
Λσ(P ) = λ(σ)
−1P.
The map λ : H→ F× is a homomorphism.
Proof. There exists an admissible substitution f(A1, . . . , Am) = λP for some
scalar λ 6= 0. The automorphisms Λσ are graded and therefore
Λσ(λP ) = Λσ(f(A1, . . . , Am)) = f(Λσ(A1), . . . ,Λσ(Am)) = λ
′P,
for some non-zero λ′ depending on σ. Hence there exists a non-zero scalar λσ
such that Λσ(P ) = λ
−1
σ P . It is clear that λ : H → F
× given by σ 7→ λσ is a
homomorphism. 
In the next lemma we describe the matrices P that satisfy the equality Λσ(P ) =
λ(σ)−1P in terms of the homomorphism λ and of the canonical action of H on
{1, 2, . . . , n}.
Lemma 3.5. Let λ : H → F× be a homomorphism and for each i denote by
P (i) =
∑
α∈H λ(α)Eα(i),α(i). The following assertions hold:
(i) For every σ ∈ H we have Λσ(P (i)) = λ(σ)
−1P (i);
(ii) The matrices P (i) and P (j) have a non-zero entry in the same position if
and only if i and j lie in the same H-orbit;
(iii) Let i1, . . . , id be a system of representatives of the orbits of the canonical
action of H on {1, 2, . . . , n}. The diagonal matrix P satisfies
(4) Λσ(P ) = λ(σ)
−1P
for every σ ∈ H if and only if P is a linear combination of the matrices
P (i1), . . . , P (id).
Proof. We have
Λσ(P (i)) =
∑
α∈H
λ(α)Eσα(i),σα(i) = λ(σ)
−1
∑
α∈H
λ(σα)Eσα(i),σα(i) = λ(σ)
−1P (i),
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hence assertion (i) holds. Assertion (ii) is clear since the non-zero entries of P (i)
are in the positions corresponding to the orbit of i. Next we prove (iii). Let
P =
∑
i piEii be a matrix that satisfies (4) and λ1, . . . , λd be scalars such that
the is-th entry of the matrix λsP (is) is pis . Let P
′ =
∑
s λsP (is) and write
P ′ =
∑
i p
′
iEii. It follows from (ii) that pis = p
′
is
for s = 1, . . . , d. Assertion (i)
implies that P ′ also satisfies (4), hence pσ(i) = p
′
σ(i) whenever pi = p
′
i and σ ∈ H.
Since i1, . . . , id is a system of representatives this implies that P = P
′. 
For elementary gradings by tuples of pairwise distinct elements it is possible to
provide for the matrices in the above lemma a non-identity f such that the result
of every admissible substitution is a scalar multiple of P . This is done in the next
proposition.
Lemma 3.6. Let x1,g1 · · ·xn,gn be a multilinear monomial of degree ǫ such that
the n-tuple (g1, g1g2, . . . , g1 · · · gn) consists of pairwise distinct elements. If the n-
tuples (Ei1,j1 , . . . , Ein,jn) and (Ek1,l1 , . . . , Ekn,ln) are admissible substitutions and
the result of each substitution is not zero then there exists σ ∈ H such that
(Ek1,l1 , . . . , Ekn,ln) = (Eσ(i1),σ(j1), . . . , Eσ(in),σ(jn)).
Proof. Since Ei1,j1 · · ·Ein,jn 6= 0 and the total degree of the polynomial is ǫ
and we conclude that j1 = i2, . . . , jn−1 = in, jn = i1. Moreover the fact that
(g1, g1g2, . . . , g1 · · · gn) consists of pairwise distinct elements implies that (i1, . . . , in)
is a permutation of the elements 1, . . . , n. Analogously (k1, . . . , kn) is a permutation.
We denote by σ the permutation in Sn such that σ(is) = ks, for s = 1, . . . , n.
The substitutions considered are admissible, therefore the automorphism of A such
that Eij 7→ Eσ(i),σ(j) maps the matrices Ei1,i2 , . . . , Ein−1,in , Ein,i1 onto elementary
matrices of the same degree. This implies that this automorphism is a graded
automorphism. 
Proposition 3.7. Let A be algebra Mn(F ) with an elementary grading induced
by the n-tuple (h1, . . . , hn) of pairwise distinct elements. If there exists a non-zero
diagonal matrix P and a non-identity f(x1,g1 , . . . , xm,gm) such that the result of
every admissible substitution is a scalar multiple of P then there exists a homo-
morphism λ : H → F× such that P equals a linear combination of the matrices
P (i1), . . . , P (id) in the previous lemma. Conversely let λ : H → F
× be a homo-
morphism and P = diag(p1, . . . , pn) a non-zero linear combination of the matrices
P (i1), . . . , P (id), then the polynomial
(5) f(x1,g1 , . . . , xn,gn) =
∑
i
pixσi(1),g
σi(1)
, . . . , xσi(n),g
σi(n)
,
where σ is the n-cicle (12 . . . n), gi = h
−1
i hi+1 for i = 1, . . . , n− 1 and gn = h
−1
n h1;
is not an identity and has the property that every the result of every admissible
substitution is a scalar multiple of P .
Proof. The first claim about P follows form Proposition 3.4 and (iii) of the
Lemma 3.5. Now we prove the second claim. The polynomial f is multilinear, hence
it suffices to prove that the result of every admissible substitution by elementary
matrices is a scalar multiple of P . It is clear that f(E12, . . . , En1) = P , in particular
f is not a graded identity. Lemma 3.6 implies that every admissible substitution
such that the result is not zero is of the form (Λσ(E12), . . . ,Λσ(En1)). Now (iii) of
the Lemma 3.5 implies
f(Λσ(E12), . . . ,Λσ(En1)) = Λσ(P ) = λ(σ)
−1P,
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and the second claim follows. 
Lemma 3.8. If A has an elementary grading induced by an n-tuple of pairwise
distinct elements of g then the orbit of every element in the set {1, 2, . . . , n} under
the canonical action has |H | elements. In particular |H | divides n.
Proof. If σ(i) = i for some σ ∈ H and some i then for every j the matrices Ei,j
and Ei,σ(j) have the same degree. Since the n-tuple that determines the grading
consists of pairwise distinct elements this implies that σ(j) = j. Hence the stabilizer
of every element is trivial and the result follows. 
Proposition 3.9. Let A be algebra Mn(F ) with an elementary grading induced by
the n-tuple (g1, . . . , gn) of pairwise distinct elements of the group G. Then A has a
crossed product grading by the support if and only if |H| = n, moreover in this case
the groups H and G are isomorphic.
Proof. We assume first that A has a crossed product grading. For each g ∈ G
let σg ∈ Sn be the permutation such that
(gg1, . . . , ggn) = (gσg(1), . . . , gσg(n)).
The map g 7→ σg is a group homomorphism. To verify this let g, h be elements in
G, we have gσg(j) = ggj for every j and therefore
gσg(σh(i)) = ggσh(i) = ghgi = gσgh(i).
Hence σgσh = σgh. If σg(j) = j for some j we have gj = ggj, hence g = ǫ. This
proves that the homomorphism is injective. Now we prove that its image lies in H.
The degree of Λσg (Eij) = Eσg(i)σg(j) is
g−1
σg(i)
gσg(j) = (ggi)
−1(ggj) = g
−1
i gj ,
hence Λσg is a graded automorphism. Lemma 3.8 implies that H has order at most
n, therefore g 7→ σg is also surjective. Hence H and G are isomorphic and |H| = n.
Now we assume that |H| = n. Lemma 3.8 implies that there is only one orbit, i.e.,
the action of H on {1, . . . , n} is transitive. Let g be in the support of the grading
and Ekl be of degree g. For every i there exists σ ∈ H such that σ(k) = i, hence
Eij has degree g for j = σ(l). Now if h also lies in the support of the grading then
there exists a matrix Ejt of degree h and Eit = EijEjt has degree gh. Therefore
gh lies in the support, it is clear that h−1 lies in the support if h does, hence the
support is a subgroup of G of order n. Since the elements (ǫ, g−11 g2, . . . , g
−1
1 gn) are
pairwise distinct elements in the support we conclude that the grading is a crossed
product grading by the support. 
Theorem 3.10. Let A be the matrix algebra Mn(F ) with an elementary grading
by an n-tuple of pairwise distinct elements of G. The algebra A has the primeness
property for central polynomials if and only if the grading is a crossed product
grading and the group G has no non-trivial homomorphism G→ F×.
Proof. If A does not have a crossed product grading then it follows from Propo-
sition 3.9 that |H| < n. In this case Lemma 3.8 implies that the number d of orbits
in the H action on {1, 2, . . . , n} is greater than 1. Let i1, . . . , id be a system of rep-
resentatives for the orbits, we apply Proposition 3.7 with the trivial homomorphism
to obtain a polynomial f such that the result of every admissible substitution is a
scalar multiple of the matrix P = P (i1) + · · ·+ P (id−1)− P (id). Since d > 1, the
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polynomial f is not graded central. Clearly P 2 = I, therefore the product of two
copies of f in distinct variables is central. Hence A does not have the primeness
property for central polynomials. Now assume that A has a crossed product grad-
ing and that G has a non-trivial homomorphism G→ F×. Proposition 3.9 implies
that H is isomorphic to G. In this case there exists a non-trivial homomorphism
λ : H→ F×. The action of H determines only one orbit, we apply Lemma 3.5 with
this homomorphism and Proposition 3.7 to obtain a matrix P = P (i1) and a poly-
nomial f such that the image of every admissible substitution is a scalar multiple
of P . The entries in the diagonal of P are in the image of λ and therefore are n-th
roots of the unit. This implies that Pn = I, hence the product of n copies of f in
distinct variables is central. The homomorphism λ is not trivial, hence P is not a
scalar matrix and f is not a graded central polynomial. Therefore A does not have
the primeness property for central polynomials.
Finally assume that A has a crossed product grading and that the only ho-
momorphism G → F× is the trivial one. In this case we fix two polynomials
f(x1,g1 , . . . , xr,gr ) and g(xr+1,gr+1 , . . . , xs,gs) in distinct variables such that the
product f · g is a graded central polynomial for A. If we prove that the matrix
P in Proposition 3.2 is a scalar matrix it follows that f and g are central polyno-
mials. Proposition 3.4 implies that there exits a homomorphism λ : H→ F× such
that
Λσ(P ) = λ(σ)
−1P.
Since the grading is a crossed product grading H is isomorphic to G. The only one
dimensional homomorphism of G onto F× is the trivial one, hence λ is the trivial
homomorphism. The order of H is n, hence Lemma 3.8 implies that the action of
H on {1, . . . , n} determines only one orbit. In this case Lemma 3.5 implies that P
is a scalar matrix. 
Let A = ⊕g∈GAg and A = ⊕h∈HAh be gradings on A by the groups G and H
respectively. We say that the H-grading on A is a coarsening of the G-grading
on A if for every g ∈ G there exists h ∈ H such that Ag ⊆ Ah. The next result
proves that the primeness property is inherited by coarsenings of a grading with
this property.
Theorem 3.11. Let A = ⊕g∈GAg be a grading on A = Mn(F ) by the group G
and A = ⊕h∈HAh an H-grading that is a coarsening of the G-grading. If A has
the primeness property for G-graded central polynomials then it has the primeness
property for H-graded central polynomials.
Proof. Let f(x1,h1 , . . . , xr,hr ) and g(xr+1,hr+1 , . . . , xs,hs) be polynomials in dis-
tinct variables such that the product f · g is an H-graded central polynomial for
A. As in the proof of Proposition 3.2 we obtain a g-admissible substitution such
that g(Ar+1, . . . , As) is an invertible matrix. Let (A1, . . . , Ar) be an f -admissible
substitution. Since the grading by H is a coarsening the grading by G each matrix
Ai is a sum of homogeneous matrices in the G-grading. Therefore we may write
Ai = B1,i + · · ·+Bki,i as a sum of elements of degree g1,i, . . . , gki,i, here gk,i 6= gl,i
if k 6= l. We write pi =
∑ki
l=1 xi,gl,i and let f = f(p1, . . . , pr), g = g(pr+1, . . . , ps).
Notice that pi, pj are in distinct variables if i 6= j. Hence f and g are in dis-
tinct variables. It is clear that if we replace xi,gl,i by Bl,i in pi the result is
Ai and therefore the results of this substitution in f and g are f(A1, . . . , Ar)
and g(Ar+1, . . . , As) respectively. If the product f · g is a graded identity then
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f(A1, . . . , Ar) · g(Ar+1, . . . , As) = 0 and the hypothesis that g(Ar+1, . . . , As) is in-
vertible implies that f(A1, . . . , Ar) = 0. Otherwise f · g is a central polynomial
because f · g is central. The primeness property for G-graded central polynomials
implies that f is central and therefore f(A1, . . . , Ar) is a central element. This
proves that f is an H-graded central polynomial. Analogously one proves that g is
central. 
4. Matrix algebras over algebras with a regular grading
Let R be an algebra (with unit) and A the matrix algebra Mn(R). We identify
the scalar matrix diag (r, . . . , r) with r and consider R as a subalgebra of A. Notice
that the matrix algebra B = Mn(F ) is also a subalgebra of A. In this section we
consider gradings on A such that R and B are homogeneous subalgebras and R
has the trivial grading. In this case it is clear that the grading A = ⊕g∈GAg on A
is such that Ag = {rb|r ∈ R, b ∈ Bg}. Our main result of this section (Theorem
4.12) is that if R has a suitable regular grading then A has the primeness property
whenever B does. As a corollary we obtain the primeness property for Mn(E) over
infinite fields. Next we recall the definition of a regular grading (see [2], [17]).
Definition 4.1. Let R be an algebra and
R = ⊕h∈HRh,
a grading by the abelian group H. The H-grading above on R is said to be regular
if there exists a commutation function β : H ×H → F× such that
(P1) For every n and every n-tuple (h1, . . . , hn) of elements of H, there exist
r1, . . . , rn such that rj ∈ Rhj , and r1 · · · rn 6= 0.
(P2) For every h1, h2 ∈ H and for every ah1 ∈ Ah1 , ah2 ∈ Ah2 , we have
ah1ah2 = β(h1, h2)ah2ah1 .
The regular H-grading on R is said to be minimal if for any h 6= ǫ there exists h′
such that β(h, h′) 6= 1.
Remark 4.2. In the definition above the commutation function β : H ×H → F×
is a skew-symmetric bicharacter (see [2, Remark 13]), i.e., for every h0 ∈ H the
maps h 7→ β(h0, h) and h 7→ β(h, h0) are characters of the group H and β(h2, h1) =
β(h1, h2)
−1 for every h1, h2 ∈ H.
In most of the known examples of a minimal regular grading by an abelian group
(see [5]) it turns out that the centre of the algebra coincides with the neutral com-
ponent. In the next proposition we prove this coincidence under a minor condition
on the regular grading.
Proposition 4.3. Let R be an algebra with a regular grading by the group H. If
the regular grading is minimal and for every h, h′ ∈ H and every 0 6= rh ∈ Rh there
exists sh′ ∈ Rh′ such that rhsh′ 6= 0 then Z(R) = Rǫ.
Proof. Since β is a bicharacter it is clear that β(ǫ, h) = 1 for every h ∈ H .
Condition (P2) of the above definition now implies that Rǫ ⊆ Z(R). The center
Z(R) is a homogeneous subalgebra, hence if Rǫ $ Z(R) there exists h 6= ǫ and
0 6= zh ∈ Rh such that zh ∈ Z(R). For h
′ ∈ H let wh′ be such that zhwh′ 6= 0. We
have wh′zh = zhwh′ = β(h, h
′)wh′zh. Hence β(h, h
′) = 1 for every h′ ∈ H . This is
a contradiction because the regular grading is minimal. 
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Remark 4.4. None of the two hypotheses of the proposition previous can be re-
moved. Indeed, if R is an algebra with regular grading is not minimal, then there
exist ǫH 6= h ∈ H such that β(h, g) 6= 1, for all g ∈ H and so Z(R) contains
properly Rǫ.
We consider the algebra R with presentation:
〈1, f, e1, e2, . . . |fei = eif = 0, ejej = −ejei〉.
The subalgebra of R generated by the ei is the Grassmann algebra E. The decom-
position
R0 = E0 and R1 = E1 ⊕ 〈f〉
is a minimal regular Z2-grading on R. It is clear that f ∈ Z(A), hence Z(R)
contains properly Rǫ.
Lemma 4.5. Let R be an algebra with a regular grading by an abelian group
H such that Z(R) = Rǫ and let A be the algebra Mn(R) with a G-grading. If
f = f(x1,g1 , . . . , xr,gr ) is a polynomial such that the result of every admissible sub-
stitution lies in Rh, for some h 6= ǫH , then f is a graded identity for A.
Proof. Let (a1, . . . , ar) be an admissible substitution, Corollary 2.4 implies that
for every h′ ∈ H and every m′ ∈ Rh′ the commutator [f(a1, . . . , ar),m
′] lies in Rh.
The groupH is abelian, hence it is clear that f(a1, . . . , ar)·m
′ and m′ ·f(a1, . . . , ar)
lie in Rhh′ . Hence [f(a1, . . . , ar),m
′] also lies in Vhh′ . If h
′ 6= ǫH then h 6= hh
′ and
this implies Vhh′ ∩ Vh = {0}. Therefore we conclude that [f(a1, . . . , ar), b] = 0.
Hence f(a1, . . . , ar) commutes with every m
′ in Rh′ if h
′ 6= ǫ. Since β(ǫ, h) = 1 we
conclude that f(a1, . . . , ar) commutes with every element in Rǫ. This implies that
f(a1, . . . , ar) lies in Z(R) = RǫH . In this case f(a1, . . . , ar) lies in Rh ∩RǫH = {0},
therefore f(a1, . . . , ar) = 0. Hence f is a graded identity for A. 
Let R be an algebra with a regular grading by the abelian group H and let
β : H ×H → F× denote its commutation function. If m(x1, . . . , xs) is a monomial
of degree di in xi and (r1, . . . , rs) is an r-tuple of homogeneous elements of R then
it follows from the condition (P2) of Definition 4.1 that m(r1, . . . , rs) = λr
d1
1 · · · r
ds
s ,
for some non-zero scalar λ.
Remark 4.6. The scalar λ in the previous equality depends only on the monomial
m, the commutation function β : H × H → F× and the s-tuple h = (h1, . . . , hs)
such that ai ∈ Rhi . This scalar will be denoted ǫ
R
h,m hence we have
m(r1, . . . , rs) = ǫ
R
h,mr
d1
1 · · · r
ds
s .
Definition 4.7. Let f(x1,g1 , . . . , xn,gn) be a multihomogeneous polynomial in the
algebra F 〈XG〉 and h = (h1, . . . , hn) ∈ H
n. We write f =
∑
i αimi as a linear
combination of monomials and define the polynomial fh as
fh(x1,g1 , . . . , xn,gn) =
∑
i
ǫR
h,mi
αimi.
Remark 4.8. If f(x1,g1 , . . . , xr,gr ) is a multihomogeneous polynomial of degree di
in xi,gi , ai ∈ Rhi and Bi ∈Mn(F ) then
f(a1B1, . . . , arBr) = a
d1
1 · · ·a
dr
r fh(B1, . . . , Br),
where h = (h1, . . . , hr).
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Next we consider an algebra R an algebra with a regular H-grading that satisfies
the following condition:
(R1) For any two monomials m1,m2 ∈ F 〈XH〉, in distinct variables, that are
not H-graded identities for R the product m1 ·m2 is not a graded identity
for R.
The regular gradings in [2], [5] satisfy this property. An algebra R satisfying
(R1) satisfies the graded analogue of the definition of a verbally prime algebra.
Proposition 4.9. Let R be an algebra with a regular H-grading that satisfies (R1).
If f, g ∈ F 〈XH〉 are non-identities in distinct variables for R then f · g is a non-
identity for R.
Proof. Since the field is infinite we may assume without loss of generality that f, g
are multihomogeneous. It follows from Remark 4.6 that f, g are, modulo IdH(R),
scalar multiples of monomials in distinct variables. Hence (R1) implies that f · g is
a non-identity for R. 
Corollary 4.10. Let R be an algebra with a minimal regular H-grading that satis-
fies (R1). If R′ = F 〈XH〉/IdH(R), with its canonical H-grading, then Z(R
′) = R′ǫ.
Proof. Let h, h′ ∈ H and r′h = f + IdH(R) a non-zero element in R
′
h. Let m be
such that xm,h′ and f are in distinct variables. Proposition 4.9 implies that f ·xm,h′
does not lie in IdH . Therefore r
′
hs
′
h′ 6= 0, where s
′
h′ = xm,h′ + IdH(R). The result
now follows from Proposition 4.3. 
In the next propositon we remark that the algebra R above is verbally prime.
Over an algebraically closed field of characteristic zero there is a description of
algebras that have a nondegenerate regular grading by a finite group in [2, Corollary
42].
Proposition 4.11. An algebra R with a regular H-grading that satisfies (R1) must
be verbally prime.
Proof. Let f(x1, . . . , xt), g(xt+1, . . . , xs) be two non-identities, in distinct vari-
ables, for R. Proposition 2.3 implies that there exists multihomogeneous polyno-
mials f ′(x1, . . . , xt′) ∈ 〈f〉T , g
′(xt′+1, . . . , xs′) ∈ 〈f〉T and homogeneous elements
r1, . . . , rt′ , . . . , rs′ such that f
′(r1, . . . , rt′) 6= 0 and g(rt′+1, . . . , rs′) 6= 0. Remark
4.6 and (R1) imply that f ′(x1, . . . , xt′) · g
′(xt′+1, . . . , xs′ ) is not an identity for R.
Since f ′ · g′ lies in 〈f · g〉T we conclude that f · g is not an ordinary identity for R.

In the next theorem we consider an algebra A = Mn(R) with a G-grading such
that:
(Gr1) R is a homogeneous subalgebra and R ⊆ Aǫ;
(Gr2) Mn(F ) is a homogeneous subalgebra.
Now we state our main result of the section.
Theorem 4.12. Let A be the algebra Mn(R) with a G-grading that satisfies (Gr1),
(Gr2). If R has a regular grading, by an abelian group H, satisfying (R1) and the
algebra B = Mn(F ) (with the inherited G-grading) satisfies the primeness property
for graded central polynomials then A also satisfies the primeness property.
Proof. We first prove that we may assume without loss of generality that the
regular grading on R satisfies (R1) and Z(R) = Rǫ. Let R with a regular H-
grading that satisfies (R1), then every coarsening of this grading satisfies (R1).
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Every regular grading on R admits a coarsening by a homomorphic image of H
that is minimal, hence we may assume that R has a minimal regular grading that
satisfies (R1). For simplicity we still denote the grading group by H . The canonical
H-grading on the algebra R′ = F 〈XH〉/IdH(R) is a minimal regular grading that
satisfies (R1). Corollary 4.10 implies that Z(R′) = R′ǫ. The algebra A
′ = Mn(R
′)
with the G-grading such that A′g = {r
′M |r′ ∈ R′,M ∈ Bg} satisfies the same
G-graded identities as A. Hence A has the primeness property if and only if A′
does. Henceforth we assume that R has a regular grading by H such that (R1) and
Z(R) = Rǫ hold.
Let f(x1,g1 , . . . , xr,gr ) such that the product f ·g is a central polynomial for A for
some g(xr+1,gr+1 , . . . , xs,gs) in distinct variables than f . We will prove that f is a
graded central polynomial forA. We first claim that there exists g′(x1,g1 , . . . , xm,gm)
in 〈g〉TG , an m-tuple h = (h1, . . . , hm) in H
m and an g′
h
-admissible substitution
(A1, . . . , Am) such that g
′
h
(A1, . . . , Am) is an invertible matrix. Let BR be a basis
of R of homogeneous elements in the regular H-grading and BB a basis of B of
homogeneous matrices in the G-grading. It is clear that BA = {mM |m ∈ BR,M ∈
BB} is a basis for A. The product f · g is not an identity, hence Proposition 2.3
implies that there exists f ′(x1,g1 , . . . , xm,gm) in 〈f〉TG and g
′(x1,g1 , . . . , xm,gm) in
〈g〉TG and an admissible substitution (a1A1, . . . , amAm) by elements of BA such
that
(6) f ′(a1A1, . . . , amAm) · g
′(a1A1, . . . , amAm) 6= 0.
Proposition 2.5 implies that the element above lies in the centre of A. Let hi denote
the degree of ai in the regular grading of R and h = (h1, . . . , hm). Using Remark
4.8 we rewrite the above element as
(ad11 · · · a
dm
m ) · (a
e1
1 · · ·a
em
m )f
′
h(A1, . . . , Am) · g
′
h(A1, . . . , Am),
where di and ei denote the degree of xi,gi in f
′ and g′, respectively. Since this
element is central the product f ′
h
(A1, . . . , Am) · g
′
h
(A1, . . . , Am) is a scalar matrix,
different from 0 because of (6). Hence g′
h
(A1, . . . , Am) is an invertible matrix and
the claim is proved.
Let h−1 be the degree of (ae11 · · · a
em
m ) in the regular grading of R. We claim
that the result of every admissible substitution in the polynomial f lies Rh. It is
clear that f is not an identity, hence this claim and Lemma 4.5 imply that f is
central. Let f ′′(y1,g1 , . . . , ys,gs) be a polynomial in 〈f〉TG and (b1B1, . . . , bsBs) an
admissible substitution by elements of BA. Denote k = (k1, . . . , ks) the s-tuple
where ki is the homogeneous degree of bi in the regular grading of R. The product
f ′′(y1,g1 , . . . , ys,gs) · g
′(x1,g1 , . . . , xm,gm) is a central polynomial. Hence the element
(7) (bf11 · · · b
fs
s ) · (a
e1
1 · · · a
em
m )f
′′
k
(B1, . . . , Bk) · g
′
h
(A1, . . . , Am),
where fi is the degree of yi,gi in f
′′, is central. We will prove that f ′′(b1B1, . . . , bsBs)
lies in Rh, this and Lemma 2.3 imply the claim. We may assume that
f ′′(b1B1, . . . , bsBs) = (b
f1
1 · · · b
fs
s )f
′′
k
(B1, . . . , Bk) 6= 0.
Since the product of two monomials m1,m2 ∈ F 〈XH〉 that are not identities for R
is also not an identity, using (R1) we may assume without loss of generality that
(bf11 · · · b
fs
s ) · (a
e1
1 · · · a
em
m ) 6= 0.
In this case f ′′
k
(B1, . . . , Bm) · g
′
h
(A1, . . . , Am) is a scalar matrix. The previous
argument proves that the result of every admissible substitution in the polynomial
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f ′′
k
· g′
h
is a scalar matrix. The matrix f ′′
k
(B1, . . . , Bm) is not 0 and the matrix
g′
h
(A1, . . . , Am) is invertible, hence f
′′
k
· g′
h
is not an identity. Since B satisfies the
primeness property we conclude that f ′′
k
is a central polynomial for B. Therefore
f ′′
k
(B1, . . . , Bk) is a scalar matrix. Since Z(R) = Rǫ it is clear that the centre of A is
Rǫ. The element in (7) is central, hence it follows that (b
f1
1 · · · b
fs
s ) · (a
e1
1 · · · a
em
m ) lies
in Rǫ. Therefore (b
f1
1 · · · b
fs
s ) lies in Rh. Hence conclude that f
′′(b1B1, . . . , bsBs)
lies in Rh. 
Remark 4.13. Over a field of characteristic zero one may reduce the above ar-
gument to multilinear polynomials instead of multihomogeneous ones. In this case
the no extra hypothesis is needed on the regular grading on R to prove the previous
theorem. Indeed condition (R1) for multilinear monomials is a direct consequence
of (P1) in Definition 4.1.
As an immediate consequence of the previous theorem we have the following
corollaries.
Corollary 4.14. The algebra Mn(E) (with the trivial grading) satisfies the prime-
ness property for central polynomials.
Proof. The canonical Z2-grading on E is regular and satisfies the hypothesis of
Theorem 4.12. Moreover, the algebra Mn(F ) with the trivial grading satisfies the
primeness property (see [16]). 
The previous corollary generalizes to infinite fields the main result of [9] which
is valid for a field of characteristic zero.
Corollary 4.15. Let G be a group with no non-trivial homomorphism G→ F×. If
the algebra Mn(E) has a G-grading such that E is a homogeneous subalgebra with
the trivial grading and Mn(F ) a homogeneous subalgebra with the crossed product
grading then Mn(E) satisfies the primeness property for graded central polynomials.
Proof. The canonical Z2-grading on E is regular and satisfies the hypothesis of
Theorem 4.12. The result now follows from Theorems 4.12 and 3.10. 
The algebra R = Mm(F ) has a regular grading that satisfies the hypothesis of
Theorem 4.12 (see [5]). Since Mn(R) ∼= Mmn(F ) one may produce other examples
of gradings on matrix algebras with entries in the field F that satisfy the primeness
property for graded central polynomials using the main result of this section.
5. Primeness property for the algebras Ma,b(E)
The verbally prime algebrasMn(F ) and Mn(E) have regular gradings satisfying
(R1), (R2). Therefore the primeness property for these algebras may be obtained as
a consequence of Theorem 4.12 (with n=1). The remaining type of verbally prime
algebra introduced by A. Kemer is Ma,b(E). If a 6= b no regular grading is known
for this algebra. In this section we use the canonical Z2-grading and the results
in Section 2 to prove that Ma,b(E) satisfies the primeness property for ordinary
central polynomials.
Definition 5.1. Let A, R be two H-graded algebras. We denote by A⊗̂R the H-
graded algebra such that (A⊗̂R)h = Ah ⊗Rh.
The algebra Ma,b(E) is obtained as Ma+b(F )⊗̂E where Ma+b(F ) has the ele-
mentary Z2-grading induced by the tuple (0, . . . , 0, 1, . . . , 1) with a (resp. b) entries
PRIMENESS PROPERTY FOR CENTRAL POLYNOMIALS OF VERBALLY PRIME ALGEBRAS15
equal to 0 (resp. 1). If R has a regular grading there is a natural relation between
the graded identities of A and A⊗̂R (see [2], [4]).
Given a monomial m(x1,h1 , · · · , xk,hk) we denote ǫ
R
m the scalar in Remark 4.6.
Definition 5.2. Let f(x1,h1 , . . . , xn,hn) be a polynomial in F 〈XH〉 and write f =∑
λimi as a linear combination of monomials m1, . . . ,mn. We denote f
∗ the poli-
nomial f∗ =
∑
ǫRmiλimi.
Over a field of characteristic zero we have the following result.
Proposition 5.3. [2, Lemma 27] Let F be a field of characteristic zero, A be an
H-graded algebra and R an algebra with a regular H-grading. If f is a multilinear
polynomial then f is a graded identity for A if and only if f∗ is a graded identity
for A⊗̂R.
Remark 5.4. The "envelope operation" in Definition 5.1 is involutive. More
precisely if H is finite and R̂ = ⊗̂
|H|−1
R then R̂ has a regular H-grading and
IdH((A⊗̂R)⊗̂R̂) = IdH(A).This is proved in [2, Theorem 6].
In this case we obtain the following theorem.
Theorem 5.5. Let F be a field of characteristic zero, A be a graded algebra graded
by a finite abelian group H and R an algebra with a regular H-grading. The algebra
A has the primeness property for H-graded central polynomial if and only if A⊗̂R
has the primeness property.
Proof. Let f(x1,h1 , . . . , xr,hr ), g(xr+1,hr+1 , . . . , xs,hs) be multilinear polynomials
in distinct variables. It is clear that (f · g)∗ = f∗ · g∗. Note also that f 7→ f∗ is
an invertible linear map in the subspace of multilinear polynomials in a fixed set of
variables. Hence every multilinear polynomial is of the form h∗ for some multilinear
h. We assume that A has the primeness property. To prove that A⊗̂R we may
to consider multilinear polynomials only, hence suffices to prove that if f∗ · g∗ is
central then f∗, g∗ are central. The previous proposition implies that f is central
for A if and only if f∗ is central for A⊗̂R. Since f∗ · g∗ is central for A⊗̂R and
(f · g)∗ = f∗ · g∗ we conclude that f · g is central for A. This implies that f, g are
central and therefore f∗, g∗ are central. Hence A⊗̂R has the primeness property.
Now assume that A⊗̂R has the primeness property, by Remark 5.4 the H-
envelope operation is involutive. Hence we conclude by the above implication that
A has the primeness property. 
Remark 5.6. It follows from Theorem 3.10 that M2(F ) with its canonical elemen-
tary Z2-grading does not satisfy the primeness property, hence by the above result
M1,1(E) with its canonical Z2-grading does not satisfy the property. We may verify
this directly: x2
1,1
· x2
2,1
is a graded central polynomial, however x2
1,1
, x2
2,1
are not
graded central polynomials.
We conclude this section by proving thatMa,b(E) satisfies the primeness property
for ordinary central polynomials.
Lemma 5.7. Let A = A0 ⊕ A1 denote the algebra Ma,b(E) with its canonical Z2-
grading and let f(x1, . . . , xr) be a polynomial such that for some g(xr+1, . . . , xs),
in distinct variables than f , the product f · g is a central polynomial for Ma,b(E).
Then there exists an i in Z2 such that f(a1, . . . , ar) lies in Ai for every a1, . . . , ar
in Ma,b(E).
16 SILVA AND BEZERRA
Proof Let B denote the canonical basis of A. We prove first that there exists
multihomogeneous polynomials f ′(x1, . . . , xm) in 〈f〉T and g
′(x1, . . . , xm) in 〈g〉T
and elements b1, . . . , bm in B such that f
′(b1, . . . , bm)·g
′(b1, . . . , bm) 6= 0. Otherwise
the polynomials of the form f ′ · g′ satisfy assertion (iii) of Proposition 2.3 with
V = 0. Since these polynomials generate 〈f · g〉T as a vector space Proposition
2.3 implies that f · g is an identity for A, which is a contradiction. The elements
f ′(b1, . . . , bm) and g
′(b1, . . . , bm) have the form mM and rR, where M and R are
matrices in Mn(F ) and m and r are monomials in E. Proposition 2.5 implies
that the non-zero product (mM)(rR) lies in Z(A). Hence MR is a non-zero scalar
matrix and therefore R is an invertible matrix. Let i be the element of Z2 such that
g′(b1, . . . , bm) = rR lies in Ai. For a multihomogeneous polynomial f
′′(xi1 , . . . , xis)
in 〈f〉T and bi1 , . . . , bis in B we write f
′′(bi1 , . . . , bis) = qQ, where q is a monomial
in E and Q a matrix in Mn(F ). If qQ = 0 then it lies in Ai. Now we suppose
that qQ 6= 0, we may assume without loss of generality that qr 6= 0. Since R
is invertible and Q 6= 0 the product QR is not 0 and therefore (qQ)(rR) 6= 0.
Proposition 2.5 implies that f ′′(bi1 , . . . , bis) · g
′(b1, . . . , bm) is a central polynomial
for A. Therefore (qQ)(rR) lies in Z(A) ⊆ A0. Note that qQ lies in Aj for some
j in Z2. Hence (qQ)(rR) also lies in Aj+i. Since (qQ)(rR) 6= 0 this implies that
j + i = 0. Therefore qQ lies in Ai. Proposition 2.3 with V = Ai yields the result.

Theorem 5.8. Let F be an infinite field of characteristic different from 2. The
F -algebra Ma,b(E) has the primeness property for central polynomials.
Proof Let f and g be polynomials in distinct variables such that f ·g is a central
polynomial for A = Ma,b(E). It follows from the previous proposition that there ex-
ists an i in Z2 such that f(a1, . . . , ar) lies in Ai for every a1, . . . , ar inMa,b(E). The
previous proposition and Corollary 2.4 imply that for every b in A the commutator
[f(a1, . . . , ar), b] also lies in Ai. If b lies in A1 then the products f(a1, . . . , ar) ·b and
b · f(a1, . . . , ar) lie on Ai+1. Hence the commutator [f(a1, . . . , ar), b] lies on Ai+1.
We conclude that [f(a1, . . . , ar), b] lies on Ai ∩ Ai+1, hence [f(a1, . . . , ar), b] = 0.
To prove that f(a1, . . . , ar) commutes with every element in A0 it suffices to prove
that it commutes with elements b = ei1 · · · ei2kEii, for k > 0. We choose j such
that b1 = ei1Eij and b2 = e2 · · · ei2kEji lie in A1. Since b = b1 · b2 we conclude that
f(a1, . . . , ar) commutes with b = ei1 · · · ei2kEii. Therefore the element f(a1, . . . , ar)
is central. The proof that g is a central polynomial is analogous. 
Remark 5.9. Over a field of characteristic zero the only verbally prime algebras
are Mn(F ), Mn(E) and Ma,b(E) (see [13]) and we conclude that every verbally
prime algebra satisfies the primeness property for central polynomials.
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